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Abstract:. 

In this article, we obtain sufficient conditions for existence 

and uniqueness of sequential nonlinear differential equations 

involving conformable derivatives with any order less than or equal 

three. We use Schauder and Banach fixed point theorems to prove the 

existence and uniqueness problems. Some examples are introduced to 

illustrate the theoretic results.  
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1   Introduction 
The amazing results of applying the fractional order derivatives in the 

models of many underlying phenomena attracted the researchers to 

investigate in-depth work about various directions of fractional 

calculus (see [1]-[3] and the references cited therein). Among these 

investigations, the existence theory of solutions for fractional 

differential models has gained attentions of many authors. Most of 

them have focused on using Riemann-Liouville and Caputo 

derivatives in representing the underlying fractional differential 

equation (see [4]-[8]). The existence problem using other fractional 

derivatives has not sufficiently considered by researchers. A new 

fractional derivative approaches in the literature called conformable 

derivatives was appeared recently (see [9], [11], [12], [13]). The 

differential systems that would be modeled by these derivatives are 

considered as theoretical view since the conformable derivatives are 

close to classical derivatives in their properties and hence in the 

physical interpretations of real applications. Motivated by the 

literature, we consider some sequential differential equations of 

fractional orders less than or equal to three and we obtain the 

existence of solutions of such equations. The considered type is 

different from the conformable type studied in [16] and similar to the 

Caputo (classical) fractional one considered in [15].  

More precisely, we consider the nonlinear conformable differential 

equations given by  
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where                                      are 

given continuous functions,   and   are real numbers, and   
  are 

conformable fractional derivatives.  
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2    Linear Conformable Differential Equations 
The new fractional derivative that is called conformable derivative, 

was introduced firstly by Khalil et al. [9], then is developed by 

Abdeljawad [11], then a newer definition called Katugampola 

derivative ([12], [13]) is appeared. The definitions have almost the 

same integral definition and properties, that are necessary in this 

study, we can say that the results of this study still true to both 

definition, so we call it as conformable fractional derivative. 

Let       denotes the Banach space of all real valued continuous 

functions endowed with the norm {                   . The 

space        is a Banach space of all nth differentiable real valued 

functions defined on  .  

We firstly, present the definitions and some properties of the 

conformable fractional integrals and derivatives.  

Definition 2.1 [11] The conformable derivative of order         of 

a function   is defined by 

         
   

                   

 
  

for all    . If the limit exists, then we say   is  -differentiable. If 

             exists, then we define                     
Many classical properties such as the linearity, chain  rule, etc. are 

valid by applying Definition 2.1. Abdeljawad et. al. [11] studied 

Definition 2.1 and introduced some basic concepts about it. 

Definition 2.2The conformable derivative of order  , denoted by   
 , 

of             is defined as 

  
                           

where            and    . 

The analogous definition of the integral operator corresponding to 

derivative operator   
  is given by the following definition. 

Definition 2.3 [11] The conformable integral of order    , denoted 

by   
 , of          is defined as 

  
        

                   

where      ,          , and   
   is the Riemann–Liouville 

integral operator given by [10] 
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We set   
            Notice that if      , then    , and 

hence 

  
        

          
 

      
             

 

 

 
 

  
             

 

 

  

It is obvious that if         , then   
            , and if 

             then   
                     

Lemma 2.4 [11] Let           and            , then for all 

    we have 

  
   

            
       

  
      

 

   

  

To obtain the solutions of equations (1.1)-(1.3), let's prove two 

important results. 

Lemma 2.5  The conformable integral   
  has the linear property: 

  
                     

          
                      

         
Proof. Let      , then 

  
                   

                            

 
 

  
                                

 

 

 

     
                      

                 

      
          

                           
Lemma 2.6 Let         , then 

1. the conformable integral   
  has the particular semigroup 

properties: 

 
  
        

     
              

  
        

     
              

  

2. the first and second derivatives of the conformable integral   
  are 

           given by 

 

  
  
          

      
  

   
  
          

                 

Proof. (1) If          then      . By using the semigroup 

property of the Rieamann-Liouville fractional integral, we have 
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On the other hand, if          then      , we have 

  
        

                
 

  
                     

 

 

 

                        
 

 

 

 

                    
 

 

    
 

 

         
                 

 

 

           
        

 

 

  
      

      

   
     

       
(2) The first derivative follows by the following: 

 

  
  
      

 

  

 

  
                     

 

 

 
 

      
                       

 

 

     
       

The second derivative follows by applying the derivative of the 

previous first derivative. This finishes the proof.   

Next result we obtain a solution for each linear problem corresponding 

to nonlinear problem (1.1)-(1.3). 

Theorem 2.7 Let           , and            The conformable 

linear differential equation 
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has a solution given by 

           
         

Proof. Taking the conformable integral   
  to both sides of equation 

(2.1), and using Lemma 2.4, we obtain 

  
            

   
                   

The condition         implies the required solution.   

Theorem 2.8 Let           , and            The conformable 

linear sequential differential equation 

           
   

       
                               

         
                                                     

                       

has a solution given by 

                      
                             

           

 

 

 

Proof. Taking the conformable integral   
  to both sides of equation 

(2.2), and using Lemmas 2.5 and 2.6, we obtain 

  
   

         
     

     
        

         
Using Lemma 2.4, we have 

                                         
           

    
                                     

If    , it is easy to obtain that 

                             
             

    
                                                                     

For    , taking the first derivative of (2.3) and using Lemma 2.6 we 

obtain 

                         
          

Let                  we get 

                      
           

Taking the integral from   to   with respect to  , and substituting 

          , then multiplying by      we get 
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This finishes the proof. ■ 

Theorem 2.9 Let                           The conformable 

linear sequential differential equation 

     
   

       
  

  

 
    

                         

         
         

                                            

                                        

has a solution given by (   ) 

         
 

 
 
     

     
 

 
          

 
 
     

         
  

 
      

 

 
 

 

 
 

 
       

 
 
     

  
 

 
 

 

  
 
 
            

 
 
        

 
 
     

          
 

 

 

Proof. Applying the conformable integral   
  to equation (2.5) and 

using Lemmas 2.5, and 2.6, we have 

  
   

         
     

     
       

  

 
  
     

     
        

         

In view of Lemma 2.4, we have 

                    
 

 
         

     
                      

  

 
  
           

    
                                                                         

If    , then it is obvious that 

                                 
 

 
        

   
                                                      

For    , taking the first and second derivatives of (2.6) and using 

Lemma 2.6, we have 

                                   

 
  

 
  
                 

         

and 
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Let        
  

 
     , then 

                
  

 
    

 
 
    

 
 
     

            

Taking the double integral and then multiplying by   
 

 
 
, we get 

         
 

 
 
     

     
 

 
          

 
 
     

         
  

 
      

 

 
 

 

 
 

 
       

 
 
     

  
 

 
 

 

  
 
 
            

 
 
        

 
 
     

          
 

 

 

This finishes the proof.   

Remark 2.10 The classical integer order differential equations can be 

obtained in the following sense: 

1. When      in Theorem 2.7, the solution of (2.1) is given by 

                  

 

 

  

2. When      in Theorem 2.8, the solution of (2.2) is given by 

                  
  

 
            

 
    

 
                           

 

 

 

3. When      in Theorem 2.9, the solution of (2.5) is given by 
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We close this section by the so-called Schauder fixed point theorem. 

Theorem 2.11[14] If   is a closed , bounded, convex subset of a 

Banach space   and the mapping       is completely continuous, 

then   has a fixed point in  . 

 

3  Existence Theorems 
  The fixed point theorems are the basic tools for dealing with the 

nonlinear differential equations (1.1)-(1.3). The idea is to convert the 

corresponding integral equation into operator equation and then 

proving this equation has a fixed point, which is then the required 

solution. We shall focus on two fixed point theorems, the Banach and 

Schauder fixed point theorems [14]. We assume hereafter that     

(see equation 2.4) and     (see equation 2.7), otherwise the next 

results will be similar to the case when        . 
 In view of Theorems 2.7-2.9 and equations (1.1)-(1.3), we define the 

operators       and    on       , as 

            
             

          
                             

              

 

 

 

and 

           
 

 
 
     

     
 

 
          

 
 
     

         
  

 
      

 

 
 

 

 
 

 
       

 
 
     

  
 

 
 

 

  
 
 
        

    
 
 
        

 
 
     

              
 

 

 

Theorem 3.1. The operators           , are completely 

continuous. 

Proof. The continuity of the operators           , follows 

respectively by the continuity of the functions       , and   . Let   be 

a bounded proper subset of       , then, there exist positive real 

numbers            , such that              , for any order pair 

         . Therefore 
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The inequalities                                    , 

imply that 
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Taking the maximum over  , we deduce that the operators      
     , are uniformly bounded on  . Next, we show the equicontinuity 

of           . For this, let          , then 
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Using dominated convergence theorem and as            then 

                             
We conclude that             are all equicontinuous on  . In 

consequence, it follows by the Arzela-Ascoli theorem that the 

operators             are completely continuous. This finishes the 

proof.■ 

According to Theorem 2.11, if we define a closed, bounded, convex 

subset   of        on which the operators            , are 

completely continuous, then the problems (1.1)-(1.3) have the 

respective solution. 

Theorem 3.3 Let   , k=1,2,3, be positive constants such that 

   
   

       

 
                   

then, each problem of (1.1)-(1.3) has a solution. 

Proof. The given conditions imply that there exist positive constants 

          , such that 

                                    

Define the subsets   , of        as 

                             
for        . Hence all    are closed, bounded, and convex subsets 

of         By Theorem 3.1, the operators    are completely 

continuous, then by Schauder fixed point Theorem 2.11, each problem 

of (1.1)-(1.3) has a solution. This finishes the proof.■ 
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Next result, we show the existence and uniqueness of solution for each 

problem of (1.1)-(1.3) by using the contraction principle and the so-

called Banach fixed point theorem. 

Theorem 3.4. Let            be Lipschitz functions that are 

satisfying the conditions 

                            
where            and      . Then, each problem of (1.1)-(1.3) 

has a unique solution whenever 

   
        

 
    

   
          

        
                 

and 

   
   

        
    

   
 

     
             

Proof. The continuity of    implies that there exists positive constant 

   such that                       for each          We show 

firstly that      
    

, where    
is defined by    

 

                      and           , are given by 
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 2+        1+  24 0 
2 2+2  −   2 − +2 2  2 − +2 3 −2 1+        2 −  −  −1  

For doing this, let      
then 

               
                

 
                   

For      
, we have 
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For      
  we have 

               
   
 

     
       

     

 
       

   
 

     

             
  

 
        

 

 
 

 

 
 

   
      

   
 

     
  

 

 
 

 

 
   
 

      

 
           

        
    

   
 

     
         

                   
Next step is showing the contraction principle. For doing this, let 

          ,then 

                
        

 
       

                
          

        
                     

                
           

        
    

   
 

     
        

As             , the contraction principles are satisfied. By 

Banach fixed point theorem, there exists a unique solution for each 

problem of (1.1)-(1.3). The proof is completed.■ 

We close this article by the following examples. 

Example 3.5 Consider the following fractional sequential differential 

equation  

               

     
      

                              

               
 

 
                                       

                      

 Here,      ,                                 . We 

notice that 
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 ,  for any   0,1, and  2= 0.51+ ≈7.44 . Therefore, Theorems 3.3, 

and 3.4 can be applied if we choose          , then the problem 

(3.1) has a unique solution in           .  

Example 3.6 Consider the following nonlinear fractional initial value 

problem: 

         

 
 
 

 
      

       
      

         
      

         
          

                                                                          

          

Here              
      

         
  

   

 
                Then 

                                   

and    
 

   
            . Therefore, choosing          , 

the Theorems 3.3 and 3.4 can be applied, hence the problem (3.2) has 

a unique solution in           . 
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