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Abstract:.

In this article, we obtain sufficient conditions for existence
and uniqueness of sequential nonlinear differential equations
involving conformable derivatives with any order less than or equal
three. We use Schauder and Banach fixed point theorems to prove the
existence and uniqueness problems. Some examples are introduced to
illustrate the theoretic results.
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1 Introduction

The amazing results of applying the fractional order derivatives in the
models of many underlying phenomena attracted the researchers to
investigate in-depth work about various directions of fractional
calculus (see [1]-[3] and the references cited therein). Among these
investigations, the existence theory of solutions for fractional
differential models has gained attentions of many authors. Most of
them have focused on wusing Riemann-Liouville and Caputo
derivatives in representing the underlying fractional differential
equation (see [4]-[8]). The existence problem using other fractional
derivatives has not sufficiently considered by researchers. A new
fractional derivative approaches in the literature called conformable
derivatives was appeared recently (see [9], [11], [12], [13]). The
differential systems that would be modeled by these derivatives are
considered as theoretical view since the conformable derivatives are
close to classical derivatives in their properties and hence in the
physical interpretations of real applications. Motivated by the
literature, we consider some sequential differential equations of
fractional orders less than or equal to three and we obtain the
existence of solutions of such equations. The considered type is
different from the conformable type studied in [16] and similar to the
Caputo (classical) fractional one considered in [15].

More precisely, we consider the nonlinear conformable differential
equations given by

Tix(t) = fi(t,x(1)),0<a <1,

(1.1
x(a) = x,,
(TS +yT5_Dx() = fo(t,x(), 1< a < 2,
(1.2)
x(a) = xp,x'(a) = x4,
and
2
(<Tg + AT, + A—Tg_z> x(t) = f5(t,x(),2 <a <3,
4 (1.3)

L x(a) = x0,x'(a) = x;,x"(a) = x5,
where t€]J=[a,T], 0<a<T, fixJX R >R k=123, are
given continuous functions, y and A are real numbers, and TS are
conformable fractional derivatives.
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2 Linear Conformable Differential Equations

The new fractional derivative that is called conformable derivative,
was introduced firstly by Khalil et al. [9], then is developed by
Abdeljawad [11], then a newer definition called Katugampola
derivative ([12], [13]) is appeared. The definitions have almost the
same integral definition and properties, that are necessary in this
study, we can say that the results of this study still true to both
definition, so we call it as conformable fractional derivative.

Let €(J,R)denotes the Banach space of all real valued continuous
functions endowed with the norm {||x|| = sup{|x(t)|:t € J}. The
space C™*(J,R)is a Banach space of all nth differentiable real valued
functions defined on J.

We firstly, present the definitions and some properties of the
conformable fractional integrals and derivatives.
Definition 2.1 [11] The conformable derivative of order a € (0,1] of

a function f is defined by
1-a
oo = i [ F DD /@

for all t > a. If the limit exists, then we say f is a-differentiable. If
lim,_,,+ f*(t) exists, then we define f*(a) = lim,_,+ f*(t).
Many classical properties such as the linearity, chain rule, etc. are
valid by applying Definition 2.1. Abdeljawad et. al. [11] studied
Definition 2.1 and introduced some basic concepts about it.
Definition 2.2The conformable derivative of order a, denoted by TS,
of f € €"*1(J, R) is defined as

Taf(®) = (¢ — )19 fle (),
where a« € (n,n+ 1],and t > a.
The analogous definition of the integral operator corresponding to
derivative operator T is given by the following definition.
Definition 2.3 [11] The conformable integral of order & > 0, denoted
by IZ, of f € C(J, R) is defined as

I5f () = 37((t - P f (D),
where f = a —n, a € (n,n + 1], and I?*'is the Riemann-Liouville
integral operator given by [10]

12f () = % f (- )1 (s)ds.
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We set Igf(t) = f(t). Notice that if @« =n+ 1, then § =1, and
hence

I2F(0) = IHA(f(0) = f (t — )" (s)ds

T'(n +1)

= %L (t —s)*f(s)ds.

It is obvious that if f € €(J,R), then IZf(t) € C(J,R), and if
x € C™1(J,R), then T¢x € €(J,R),a € (n,n + 1].

Lemma 2.4 [11] Let a € (n,n + 1] and f € €**1(J,R), then for all
t > a we have

ISTEF() = £(6) - Z

(t — )k
k=0

To obtain the solutions of equations (1.1)—(1.3), let's prove two

important results.

Lemma 2.5 The conformable integral IS has the linear property:

IG(cf () + c29(0) = e Iaf () + c2I59(), @ > 0,c1,c, ER f g
€ C(J,R).

Proof. Let § = a — n, then

13(cof (8) + c2g(®) = I2¥2 ((t = )P (e f(6) + c29(D)) )
1 t
—— [ =" - P f () + cag()ds

= clgt ((t = )P f () + U3 (e — )P g (D)
= ¢ I3f(t) + c,1%g(t). ]
Lemma 2.6 Let f € C(J, R), then
1. the conformable integral I3 has the particular semigroup
properties:

f(")( )

{Iaf(t) = BI2_,f(t), 0 € (1,2],
13f(t) = BI3_,f(t),a € (2,3].
2. the first and second derlvatlves of the conformable integral I, are

given by
2

CALFW) = 181 f (O, Sz I8F () = Lo f(0),a € (nm+ 1],

Proof. (1) If @ € (1,2], then B = a — 1. By using the semigroup
property of the Rieamann-Liouville fractional integral, we have
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15 () = 12((t —)* 2 f (D) = f (t = s)(s—a)* %f(s)ds
_ f t f (s — ) 2f(s)drds
=f fr(s —a)*2f(s)dsdr

= [0 = a2 onar = [ 15,5 0rar

a
= 1&(’2—1][(0) = IT15_1f (D).
On the other hand, if a € (23], then B =a—2, we have

12f(t) = 13((t — )*3f (1)) = % fa t(t —5)*(s —a)**f(s)ds
_ ]a t j (b = P)(s — @) f(s)drds
_ fa -7 fa (s — @)% £ (s) dsdr
- (&= G - " f(r)r

t
- J (t = IS, f (Pdr = 12(I%_,f ()

= IS1%_,f (0).
(2) The first derivative follows by the following:

d
Z1af(© ——.aj (t —s)"(s —a)f T f (s)ds

. f (6= )" (s — ) f(S)ds

=1 a—1f ().
The second derivative follows by applying the derivative of the
previous first derivative. This finishes the proof. m
Next result we obtain a solution for each linear problem corresponding
to nonlinear problem (1.1)-(1.3).
Theorem 2.7 Let f; € €(J,R), and x € €'(J,R). The conformable
linear differential equation

Journal of Al Azhar University-Gaza (Natural Sciences), 2017, 19 45)



Mohammed M. Matar, Ola M. Al-Salmy
Tix(0) =f/i(),0<a<1,

(2.1)
x(a) = xo,
has a solution given by
x(t) = xo + 15f1 (D).
Proof. Taking the conformable integral I to both sides of equation
(2.1), and using Lemma 2.4, we obtain

123 (A(0) = 18Ta(x(0) = x() — x(a).
The condition x(a) = x, implies the required solution. m
Theorem 2.8 Let f, € €(J,R), and x € C%(J,R). The conformable
linear sequential differential equation
(T +yTo_Dx(t) = f(H),1<a<2,yeER
(2.2)
x(a) = xo,x (@) = x,,

has a solution given by
t

x(t) = xpe V) 4 e"’tf evs (x1 + yxo + Ig_lfz(s)) ds.

a
Proof. Taking the conformable integral I§ to both sides of equation
(2.2), and using Lemmas 2.5 and 2.6, we obtain
IGTEx(t) + YITIG (TG 1x(t) = If>(D).
Using Lemma 2.4, we have
(x(®) = xo = x1(t — @) + YI§(x(t) — xo)

= I5/,(0). (2.3)
If y =0, it is easy to obtain that
x(t)
= xo+ x(t —a)
+ Igf>(0). (2.4)

For y # 0, taking the first derivative of (2.3) and using Lemma 2.6 we
obtain
x'() + yx(t) = x; + yxo + I5_1/>(D).
Let x(t) = e "'y(t), we get
y'(t) =e"t (x1 + ¥Xo + I?c—1f2(t))-
Taking the integral from a to t with respect to s, and substituting
y(a) = e"?x,, then  multiplying by e ’* we  get
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t
x(t) = xpe VD 4 o1t f evs (xl +yxo + I%_1f, (s)) ds.

a

This finishes the proof. m

Theorem 2.9 Let f; € €(J,R),and x € €3(J,R). The conformable
linear sequential differential equation

{(Tg FATE +2T2)x(®) = fo(D),2<a <3,A€R,

x(a) = xo,x'(a) = x1,x"(a) = x,,
has a solution given by (4 # 0)

2 1 2
x(t) = xoe_i(t_a) + <x1 + —xo) (t — a)e 2%

(2.5)

2

A2 2% 2 A
+<"2”"1+Z"°><<i) -7 - e

N At 1 R
—(1) e_f(t_a)) + e_ftj (t — 5)ez’I%_, f(s)ds.
a

Proof. Applying the conformable integral I to equation (2.5) and

using Lemmas 2.5, and 2.6, we have
2

A R
IGTax(t) + Ailg_1Tq_1x(t) + Zlglﬁ-zTﬁ-zx(t) = Igf3(t).
In view of Lemma 2.4, we have
1
(x(® = %= 1t - a) = S0 - a)?)
2

A
+ /Uil(x(t) — xo— x,(t— a)) + Zlg(x(t) — Xp)
= If3(0). (2.6)

If A=0, then it is obvious that
1
x(t) = xo+ x,(t—a) + ExZ(t —a)?

+ I%f; (2.7)
For A # 0, taking the first and second derivatives of (2.6) and using
Lemma 2.6, we have

x'(t) —x; — %, (t — @) + A(x(t) — xp — x1(t — )

A R
+ Zl?(x(t) — xo) = I5_1f3(¢),
and
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. , A2 A? .
x (t) + Ax (t) +Zx(t) = (xz + Ax; + Zx°> + I3, f5(t).

-2
Let x(t) = ez 'y(t), then

. 2? un un -
y ()= {x +Axq +Zx0 ez + e2 I%_,f5(t).

A
Taking the double integral and then multiplying by e "z, we get

A y) P)
x(t) = x,e 287 + <x1 + Exo) (t — a)e 2%

A2 2% 2 A
+<"2”"1+Z"°><<i) -7 - e

N At 1 R
—(1) e_f(t_a)) + e_ftj (t — 5)ez’I%_, f(s)ds.
a

This finishes the proof. m

Remark 2.10 The classical integer order differential equations can be

obtained in the following sense:

1. When @ — 17 in Theorem 2.7, the solution of (2.1) is given by
t

x(t) = xo + f fi(s)ds.
a
2. When a — 27 in Theorem 2.8, the solution of (2.2) is given by
x
x(t) = xo + 71(1 — e7Y(t-®)
e 7t

Y
a
3. When a — 37 in Theorem 2.9, the solution of (2.5) is given by

2 y) 2
x(t) = x,e 2079 + (xl + Exo) (t — a@)e 2%

22 2\* 2 2
+ (.XZ + Axl + _.XO > <(—) - z (t —_ a)e_i(t_a)

+

j (@ — ") (r — a)*2f, (r)dr.

4 A
@)

+ e_%t f f(t — s)egs(r —a)* 3 f;(s)dr ds.

a a
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We close this section by the so-called Schauder fixed point theorem.
Theorem 2.11[14] If F is a closed , bounded, convex subset of a
Banach space X and the mapping 4: U — U is completely continuous,
then 4 has a fixed point in F.

3 Existence Theorems

The fixed point theorems are the basic tools for dealing with the
nonlinear differential equations (1.1)-(1.3). The idea is to convert the
corresponding integral equation into operator equation and then
proving this equation has a fixed point, which is then the required
solution. We shall focus on two fixed point theorems, the Banach and
Schauder fixed point theorems [14]. We assume hereafter that y # 0
(see equation 2.4) and A # 0 (see equation 2.7), otherwise the next
results will be similar to the case when a € (0,1].

In view of Theorems 2.7-2.9 and equations (1.1)-(1.3), we define the
operators v,v, and ¥, on C(,R), as

Yix(t) = xto + I3 f1 (¢, x(t)),

Pox(t) = xge VD 4 eVt j e"S(xy + yxo + I%_1 fo (s, x(s))ds,

a
and

A y) A
Yox(t) = xpe 20 + <x1 + Exo) (t —a)e 2"

22 2% 2 A
+<"2”"1+Z"°><(I) -7t e

2
@) e

At 1
+ e‘EtJ (t—5)87512_2]%(5,%(5))‘15-
a

Theorem 3.1. The operators Y,k =1,2,3, are completely
continuous.

Proof. The continuity of the operators Wi, k = 1,2,3, follows
respectively by the continuity of the functions f;, f5, and f5. Let B be
a bounded proper subset of C(J,R), then, there exist positive real
numbers Ay, k = 1,2,3, such that |f,(t,x)| < A, for any order pair
(t,x) € ] X B. Therefore
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|P1x(O] < |xol + [Iaf1 (8, x(0)]

t
f (s — )% fy(5,x(5))ds

A (t—a)”
< ol + =

|W,x(t)] < |xole
t

< |x0| +

+et f e¥s|x, + yx0 + 1%, £5(5,x(s)) |ds

a
< xole ¥t
ret j eys<|x1| + ylxol

+

)as

Ay(t —a)* !
a—1 ’

f (= @)% fy( x(w)du

|1_ —V(t—a)l
< |x0|e_y(t_a) + 7<|x1| + lyxol +
and

A A A
|W3x(t)] < |xoe_5(t_a) + (x1 + Exo) (t— a)e_i(t_a)

22 A: A
Xy + Axq +Zx0 (Z) _i(t_ a)e 2
2\* _A
-yt
2

‘
e_itj (t — s)eéslg_zﬁ(s,x(s))ds

+

+

A y) A
< |x0e_5(t_a) + (x1 + Ex(,) (t — a)e 2P

2 2% 2 A, 2\2 A,
<x2+lx1 +Zx0)<(i) —Z(t—a)e 2t ‘”—(I) e 2 ‘”)

A [t A s
e_ftf (t —s)e?® (f (u—a)*3f, (u,x(u))du) ds

+

+

a
The inequalities (t—s) <(t—a),and (s —a)* %2 < (t—a)*?,
imply that
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A Ax A
|W3x(0)] < Ixole 2“7 + <|x1| +! °'> (t—a)e 2"

22 2\ 2 A,
+<|x2|+|/1x1|+zlx0|> <<I> + (e — e At-a)

A
+ (2 ”“_a)>
2A A
e T et [CeOl

Taking the maximum over J, we deduce that the operators Wy, k =
1,2,3, are uniformly bounded on B. Next, we show the equicontinuity
of Wi,k = 1,2,3. For this, leta < t; < t, <T,then

tz
[Wax(ty) —¥ix(t) < | (s — @) * fi(s,x(s))lds,
21
|¥,x(ty) — Wox(ty)]
< |xol[1 — e?t2mt)|e v (t2m@)
+e_)/(t2_a)|1
%1
— e”(tz‘tl)|f e"s|x; + yxo + 151 f>(s,x(s))|ds
a
t2
+eyt2 ] eyslxl + ny + Ig_1f2(slx(s))|ds’

t1
and

|(W3x)(t2) — (P3x)(t,)]
2
< Ixole_f(tz_a)

Ax Ao
e+ 20 (et

+ (tz e (@)

1— e%(tz—tﬂ

e%(tz—tﬂ _ 1|

1— e%(tz—tl)

A
+ (tz—tﬂe_f(tl_a)))

AZ
+ <|x2| + [Ax4] +Z|x0 |>
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e%(tz—ﬁ) _ 1‘

2 2
“Aty-a)
X|—\ae 2
<|/1|<
Aty-a)

+ (tze_z

2% 2
“Aity-a)
+ (= 2
(/1) ¢

A A
(tz _ a)e—§t2 (1 _ ef(tz—tﬂ)

1— e%(tz—tl)

A
+ (tz_t1)e_5(t1_a))>

)

t1 2
f e2°12_, | f5 (s, x(s))|ds
a

1 _ 5t

+

A
+(t; —ty)e 2

2 [ A
L5t f (t, — $)e2° 1%, | f3 (s, x(s))lds.
t

1
Using dominated convergence theorem and as |t, —t;| = 0, then

|Wix(t,) — Wrx(t))| = 0,k =1,2,3.

We conclude that ¥, k =1,2,3 are all equicontinuous on J. In
consequence, it follows by the Arzela-Ascoli theorem that the
operators ¥y, k = 1,2,3 are completely continuous. This finishes the
proof.m

According to Theorem 2.11, if we define a closed, bounded, convex
subset F of C(J,R) on which the operators ¥, k = 1,2,3, are
completely continuous, then the problems (1.1)-(1.3) have the
respective solution.

Theorem 3.3 Let By, k=1,2,3, be positive constants such that

t,x
lim felt.x) _ ur(t) < By, k =1,2,3,
x—0 X

then, each problem of (1.1)-(1.3) has a solution.
Proof. The given conditions imply that there exist positive constants

Cp. k=123, such that
fi(t,x(®)] < (1 + () Ix] < (1 + B)Cy
Define the subsets Fy, of C(J,R) as

Fe ={x € €(,R): |x(t)| < C}, t €]},
for k = 1,2,3. Hence all F, are closed, bounded, and convex subsets
of C(J,R). By Theorem 3.1, the operators W, are completely
continuous, then by Schauder fixed point Theorem 2.11, each problem
of (1.1)-(1.3) has a solution. This finishes the proof.m
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Next result, we show the existence and uniqueness of solution for each
problem of (1.1)-(1.3) by using the contraction principle and the so-
called Banach fixed point theorem.

Theorem 3.4. Let f;, k=123 be Lipschitz functions that are
satisfying the conditions
fie(t, %) = fi (&, V)] < Cilx =y,
where t € /,x,y € R, and C;, > 0. Then, each problem of (1.1)-(1.3)

has a unique solution whenever
Ci(T —a)”
YR L
CZ (T - a)a_l
2V 7Y 4 eMT-0) <
== - e
and
265 m(T—a))
= 1 7) T—a)*1<1.
T3 (a—2)|/1|( +e (T—-a)

Proof. The continuity of f; implies that there exists positive constant
D;, such that max{|f; (t,0)|:t € J} < Dy for each k = 1,2,3. We show
firstly that W8, < B, , where B, is defined by B, =
{x e C(J,R): ||lx|| £ r}, and 1y, k = 1,2,3, are given by

> 1-1)7" <|xo| + M)

Ty > (1—’1'2) 1<|x Ielyl(T a)_'_ (|X1|+ Iyxol +D2(T a) )(1+

ey’—a,

3> (1—13)" 1(|x0|ez(T a)+(| 1|+Mx°|) (T - a)ez(T Nt

X2+ Axl+ A2440
2A242A7-ae 2 7-a+22ed27~a+2PD3a-241+ el27-a7-aa-1

For doing this, let x € B, then

C.llx|| + DOH(T — a)®
¥ x(t)] < |x0|+( i+ al)( ) <A-tn+1n =n.

For x € B,,, we have
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[¥2x(6)] < xoleMT-0
1 (Callxll + D) (T — @)
1 1
+ ™ <|x1| + lyxol + (@—1) (
+ eV T-0) < (1 = 1)1y + 1,15 = 1.
For x € B,, we have
| A0

1] 1Al
3x(0)] < Ixolez "™ + <|x1| + )(T —a)ez "™

22 2\’
- (|x2| + 12+ 5 1% |) ((5)

2 1] 222 1Al
LT e e (T-a) (_) T(T-a)>
+ 7] (T —a)e + 1 e
2(Gsllx|l + D3) ( Aer_g
1+e2 ) T —a)* 1
CED (T~a)

< (1 - T3)7”3 + T3T‘3 = T‘3.
Next step is showing the contraction principle. For doing this, let
x,y € C(J, R),then

Ci(T—a)*
¥12(6) = ¥ry ()] < ——[lx —ll
C,(T —a)* ! ~
1¥2x() = W2y (O] < <=5 = (14 T D)l 1,
2C3(T — a)*! W _g)
— < —
¥sx(t) = sy(O)] € o (14270 I =,

As 1, <1,k =1,2,3, the contraction principles are satisfied. By
Banach fixed point theorem, there exists a unique solution for each
problem of (1.1)-(1.3). The proof is completed.m
We close this article by the following examples.
Example 3.5 Consider the following fractional sequential differential

equation
(T?s — TH5)x(t) = Ctsinx(t),t € (0,1],
T (3.1)
x(0) = 0,x'(0) = >
Here, a =15, y=-1andf,(t,x(t)) = Ctsinx(t) < Ct. We

notice that

(54)  Journal of Al Azhar University-Gaza (Natural Sciences), 2017, 19
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1ftx) — f(6 )] < Ctlx —y| < Clx—yl,  lim,o 288 = ¢t <

X
¢, for any £€0,1, and 72=(0.51+e=7.44C. Therefore, Theorems 3.3,

and 3.4 can be applied if we choose 0 < C < 0.134, then the problem
(3.1) has a unique solution in €([0,1], R).

Example 3.6 Consider the following nonlinear fractional initial value

problem:

|x(®)]

(
2 2 2 —

),t € (1,2],
(3.2)

|
| xX®) =1 k=012

Here f3(6,x(0) =D (taoe) <2 < IDI, @ =25, 4= 2. Then

lf(t,x) - f(&, M| <Dlx—yl|,vte[L2],
and 73 = % (1 +e) = 7.44D. Therefore, choosing 0 < D < 0.134,

the Theorems 3.3 and 3.4 can be applied, hence the problem (3.2) has

a unique solution in €([1,2], R).
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